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Abstract
In this note, we prove that the Keller Segel system of parabolic-parabolic type are globally

well-posed for small initial data in B - x B, 1< p < d. Moreover, with additional

1’
assumptions on initial data, we prove the conservation of mass for the density function and

nonnegativity of the density function and the concentration of the chemo-attractant.

1 Introduction

In this paper, we study the Keller-Segel system of parabolic-parabolic type in R¢, d > 2. The

system of equations is given by

Au=_V.
(KSW){ Uy u V- (uVv)
vy — Av=u — v

where u is the density of cells and v is the concentration of the chemo-attractant. Keller-Segel
[12] proposed a mathematical model describing the movement of biological cells in response to
the chemical gradients. Its original form consists of four coupled reaction-advection-diffusion
equations. By quasi-steady-state assumptions, these model can be reduced into a model for two

functions u and v. The general form is

up = V (ki (u,v)Vu — ka(u, v)uVo) + ks(u,v)
v = Dy Av + ky(u, v) — ks(u, v)v
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After the normalization, the minimal model can be obtained by taking ki = ke = D, = 1,
k3 =0, k4(u,v) = u, and ks = . For the variations of this minimal model, see [9].

After the work of Childress-Percus [7], there is a vast body of literature dealing with quan-
titative behavior of solutions in bounded domain with proper boundary conditions. The main
issue is whether solutions globally exist or blow up in finite time in terms of the critical mass and
the spatial dimensions. An extensive review article by Horstmann [10] provides greater details.
A further source of recent results can be found in the book of Perthame [19].

As a good approximation, people have studied the problem, so called, the parabolic-elliptic

problem on a domain by considering the second equation to be —Av = u — yv.

up = Au—V - (uVv), in Q
(KSPE){ 0=Av+u—~v, in Q
Vu-n=0, Vv-n=0, on 0f)

where €2 is a smooth bounded domain and n is the normal vector on the boundary. By the
second equation, one can reduce the system of equations into a single evolution equation of wu.
For the question of global existence versus finite breakdown for (KSPE), see [8, 11, 17, 18].

For the parabolic-parabolic problem on the whole spaces, we have a similar question: Can
we find a critical space for the initial density such that it gives rise to global solutions of the
system? Corrias and Perthame [4] first treated the case d > 3 and constructed a global weak
solution for small data. Furthermore, in [5], they studied an asymptotic behavior of the weak
solution for large time. For the problem on R?, see [1,6]. [1,4,5,6] deal with the problem with
the density function in the Lebesgue space L5 Recently, Kozono-Sugiyama [15] obtained the
following result for the Keller-Segel system in Sobolev spaces, with ~v > 0.

Theorem 1.1 Let d > 3 and let max{1, 2} < r < 4. There exists a constant €y(d,r) > 0 such
that if ug € H* 72" and vy € He satisfy

d _ d
1(=2)2r ol + [1(2) 2 |l < €0

then there exists a unique solution (u,v) such that
u € O([0,00); H ) N C((0,00); H2") N C1((0,00); L7), v € C([0,00); H7) N C((0,00); L)
Moreover, such a solution has the following decay property;

d d d
(A u()]ly = OtF177), for — —1< o<1, [[(A) ut)ll,=0@FC), for — <(<—+1

2r 2r 4r
They proved the above result by using Kato’s method. If one takes the LP — LY type estimates
to the integral equations involving the heat semigroup operator, then the heat kernel generates

time singularities near the origin. Then, one can define a function space with time weights to



circumvent these time singularities.
The space of initial data in [1,4,5,6,15] are closely related to the scaling invariant class
associated with (K S,), v = 0. Let us call this system by (KS):

(K5) { b= (V)

(KS) are invariant under a particular change of time and space scaling. Assume that (u, v) solves

(KS). Then, the same is true for rescaled functions:
un(t,z) = Nu(N%t, \z), wr(t,z) = v(\’t, \x) (1)

Therefore, the Lebesgue spaces L% x L*°, which is closely related to spaces in [1,4,5,6], and the
homogeneous potential spaces H T2 YT in [15] are scaling invariant spaces of the initial
data.
.d_o ., d
In this paper, we study the system (KS) in scaling invariant Besov spaces By, x By 4. Since
we need a L bound of solutions, we take ¢ = 1. Motivated by the work of Chemin [3], we

define a function space and its seminorm for w in the following way.

d

U = ZgOB; ﬂLt

‘ni} =l a_, +|[ull 4
o1 By 74 . .d_ N _ .4
P n L?OB£12 th,l thfj,l
Similarly, we define a function space and its seminorm for v by
V= LOOB"mLQB,f ‘ni} Bpl s Aol =1l o +1loll. d+1+||v|! (3)
t p,l thl Bp,l

The first result in this paper is the following.

.4 9 d
Theorem 1.2 Let ug € B;l and vy € B 1<p< d. There exists a unique, global-in-time
d

-2
solution (u,v) € % x V for sufficiently small data (ug,vo) € pr1 X B;l such that

d d

u e C([0,00); B p12), UGC([O,OO);B;D

But, from biological point of view, u and v should be nonnegative. Moreover, the mass
must be conserved because there is no external forces acting on the system. With additional
assumptions on initial data, we can prove the following two Theorems. The same results are
also addressed in [15].

Theorem 1.3 Letug € Bp1 ﬂL and vy € B’“lﬁL1 1 <p<d. Ifinitial data is small enough



d_ . d
n Bpg X Bfg, then, the solution u in Theorem 1.2 satisfies the mass conservation.

.4 2 .4
Theorem 1.4 Let up € B,y N L'NL? and vy € BN L', 1 < p<d. If initial data is small
.4 2 . d
enough in Bf, X Bpg, then, the nonnegativity for the solution (u,v) holds.

Remark 1 Our result is an improvement of [15] in the following sense.
(a) We do not need a lower bound of p. We only need 1 < p < d.
(b) d =2 is allowed.

(c) u can be chosen in spaces with negative reqularities.

This paper consists as follows. In chapter 2, we present a short introduction to the Littlewood-
Paley theory. For more results of this subject, see [2,3]. In chapter 3, we prove Theorem 1.2.
First, we obtain a priori estimate. Then we prove the existence and uniqueness by iterating the
system using the a priori estimate. We also prove the continuity of the solution in time up to
t = 0. In chapter 4, we prove Theorem 1.3 and 1.4.

In this paper, A < B means there exists a universal constant C' (which depends on the
contexts) such that A < CB.

2 Preliminaries

2.1 Littlewood-Paley Decomposition

We take a couple of smooth functions (x, ¢) supported on {&;|¢] < 1} with values in [0, 1] such
that for all £ € R%,

X&)+ i) =1

=0

where (§) = gZ)(g) — #(£). We denote ¥(277¢) by v;(€). This is called the Littlewood-Paley
dyadic partition of unity. We apply this decomposition to elements in .% ". Let

Nju=0 if j<-2 A_ju=x(D)u= h*u with h=.2"ly
Aju=;(D)u = 2jd/h(2jy)u(:n —y)dy with h=.Z"1yp, if j>0

We define a nonhomogeneous Littlewood-Paley decomposition as follows.



We introduce the following low frequency cut-off: S;u = Z ANju. Then, v = lim Sju in & "
1<j—1 e
Conversely, let C' be a ring. Suppose that the support of #wu; is contained in the annulus 2/C
and ||u;j||p~ < 279 Then, Z uj < oo in .7
j=-1
We also define a homogeneous Littlewood-Paley decomposition. We take a couple of smooth

functions (x, ¢) as before. We define homogeneous dyadic blocks and low frequency cut-offs by
Au=1$(27D)u forall j€Z, Sju=x(27D)u forall jecZ

Then, for u € ., we have u = Z Aju modulo a polynomial only.
JEZ

2.2 Besov Spaces

Let s € R, p,q € [1,00]. Then the inhomogeneous and homogeneous Besov semi-norms are

defined, respectively, by

. 1 . 1
llullBs,, = I[Soullre + (Y 29°[| Ajul|? )3, lullp, = O 295 Ajul|? p)
j>—1 ’ jez

If u is time-dependent,

. 1 . 1
lullzg s, = I1Soullppre + 10D 291 85ullE) 7 ng, Mlullppe =127 1Aullg.) ]l
j=2-1 JEL

By changing the order of time integration and the summation, we define semi-norms as

. 1 . 1
lullzpgy . = NSoullprr + (D2 29N 85ull%, )7, Tullgps, . = (O 2% 1Al
j=-1 JEL

By changing these orders, one can avoid the time singularity at the origin of the heat kernel when
we estimate the solution in the integral form in chapter 3. According to Minkowski inequality,

we have

lullzgpy, < lullzsy, i p<a. llullzs, > llullgs;, i p>a

The interest in decomposing a tempered distribution into a sum of dyadic blocks A ;u, whose
support in Fourier space is localized in a corona, comes from the nice behavior of these blocks
with respect to differentiations. This fact is illustrated by the following Bernstein’s lemma. For

its proof, see [2].

Lemma 2.1 (a) Let 1 <p<g<oo, k€N, and R > 0. For f € " whose Fourier transform



f is supported in the ball €] < AR,

sup [10° 1120 S N¥[Ifllze. 1]1ze S A £l

|al=Fk

(b) For f € " whose Fourier transform f is supported in the corona |¢| ~ AR,
fe’ ~ \k < d(t-1)
‘Slllpk\la Fllee = NI fllLe, I fllze S AP @[] f]] e
al=

From this Lemma, we can prove the following two embedding properties, which we will use
in chapter 3 and chapter 4.
.4 L d_q
By, cL® Br cL®forp<d

The fundamental idea of the paper [3] is to localize the heat equation and estimate each
dyadic block in L{L%. In this way, one can extract maximal regularities in L' in time from the

heat kernel.

Lemma 2.2 Let € be a ring. There exists a positive constant C such that for any p € [1, 0],

for any couple (t,\) of positive real numbers, we have
e ul| e < Ce_t()‘)2\|uHLP for supp i € \€

2.3 Paraproduct

The concept of paraproduct is to deal with the interaction of two functions in terms of low or

high frequency parts. For u, v two tempered distributions, we have the formal decomposition:
Uy = Z ANuljv
i)j

The idea of paradifferential calculus is to split uv into three parts. The fist part, denoted by
T, v and called paraproduct of v by u, corresponds to terms A;u/Ajv where 7 is small compared
with j. By the symmetry, the second part is T,u. The last part, the remainder, corresponds to

the dyadic blocks with comparable frequencies.
Definition 2.3 Let u and v be two tempered distributions. Then,

wo = Tyv + Tyu + R(u,v)

UU—ZAuAU—ZS] 1uu, R(u,v) Z AUA/U

isj—2 JEL li—i" <1



The paraproduct of two tempered distributions is always defined because terms are localized
by dyadic pieces. The regularity of T;v is mainly determined by v. The remainder may not be
defined. Roughly, it is defined when u and v belong to function spaces whose sum of regularity
index is positive. We list continuity properties for the inhomogeneous paraproduct and the

remainder. The reader is referred to [2] for more results on the subject.

Proposition 2.4 Let 1 < p,q < o0 and s € R.

(i) T is a bilinear continuous operator from L*° x By , to B, , such that

||| |$(L°° xBjg ,—B5 ) S et

(ii) Let (s1,82) € R? and 1 < p,p1,p2,q,q1,q2 < 00. Assume that
L1 4 1 1 1
i q§q1+ $1+52>0
, sﬁsﬁd(%—ﬁ—pi
Then, the remainder R maps B! . x Bp2 . to Bpgq "7 such that
C|81+82\+1
< _— S S
1RO oy voprach— g S —grg—Iellsgy , llvllsgz

p,q

(ii) For s >0, By N L> is an algebra and
luvl[Bg , S lullzellvll g, + [|v]|zeelullBg

2.4 Two more lemmas

Finally, we need two additional Lemmas in chapter 4. If one takes LP norm to the fluctuation
term in the integral expression of the solution, the the heat kernel generates time singularities
near the origin (Lemma 2.5). Then, we control these time singularities by using the Hardy-

Littlewood-Sobolev inequality (Lemma 2.6).

Lemma 2.5 The Heat Kernel Estimate: For all f € LP,
1 _del 1
Ve il 4727207 flle, 1<p<r<oo

Lemma 2.6 Hardy-Littlewood-Sobolev Inequality [16]: Let 0 < \ < d, % + % + % = 2. Then,

[ #@) o sow)duda| S 1151l gl
Rd JR4 ‘

In particular, for the one dimensional case,

|
[ ate)ds] < lalle
0 |t —s|2




3 Proof of Theorem 1.2

This chapter consists of three parts. First, we obtain a priori estimate under the assumption
that there exists a global-in-time smooth solution to (KS). Then, from the a priori estimate, we
can prove the existence and the uniqueness of the solution by iterating the system. Finally, we

prove that the solution is continuous in time with values in the same space of initial data.

3.1 A priori Estimate

We construct a solution in the integral form.

t t
u(t) = ePug + / eU=IAY L (uVv)(s)ds,  v(t) = ePvg + / ety (s)ds (4)
0 0

We apply the Fourier-localized operator A; to the equation of u. Then,
t
Aju(t) = e Njug +/ e(t_s)AAjV - (uVv)(s)ds (5)
0
We take the LP norm in the spatial variables. By Lemma 2.2,

_ t o
1A u(®)le S e~ || Ajuol |10 + / e~ =220 || A (uV0) (s)] | o ds (6)
0
We take the L* norm in time. By Young’s inequality in time,
1A7u(t)l| e S 185u0lle + 21|85 (uV0)]| 3 o (7)

We multiply (6) by 2j(%_2) and add them up. Then, we obtain

ull 4y Slluoll 4y +[uVoll gy (8)
L¥B,, i LiBy,

Similarly, by taking L! in time to (6),

lell o Sl g+ 10l (©)
t~p,1 p,1 t ' p,1
By adding (8) and (9),
el gt llull g S lholl gy + laVell g, (10)
t p,1 t~p,1 Bp,l Lth,l



By interpolating two terms in the left-hand side,

u da_, +|u da_, +]|u a Slluoll a_y +][uVo d_ 11
I ||i§°3,’,"12 I HE%Bﬁll I HL}B& I ||.:12 I ||E%B:11 (11)

Let us do the same calculation to v.

ol
L prl

+ [Jv a,, + v din S lvo
o Tt I S el

lluoll g+ llull a4y +lull g (12)
1BP, L B L$°B LB

d
D
P, p,1 t “p,l t—p,1

Therefore, from (11) and (12),

lullze +lolly < Mol a5 +lvoll 4 +[[uVoll 4, (13)
B? B? LIBP

p,1 p,1 t—p,1

It remains to estimate the nonlinear term (uVv). We decompose (uVv) as a paraproduct.
uVv =T,Vv + Ty,u + R(u, V) (14)
We take the operator A; to (uVwv). Up to finitely many terms,

A (Vo) = Sjul Vo + 8 Vol ju+ > Agulsp(Vo) = (1) + (IT) + (I11)

k>j
First, we take L} LP norm to (I).
1SjulsiVollprpe < [[Sjullpy el 25V ollLgere S [Jullpy e[ 25V 0l| Lo o (15)
. d
Multiplying by 2/>~V and adding them up,
TVl gy Slullprpe X [[VOl] 4y (16)
LiBy, LBy,
Next, we deal with (II).
1S5 (Vo)Ajullpie S IS5V ollpzpee|[Ajull 200 (17)
Then,
Tvu Q_SV'U 21700 X ||UW d_ 18
1T ||£%B£11 IVl pzpee x || IIE?.gll (18)



Finally, we estimate the remainder.

1) Bule(Vo)ll e S Z 12kl (Vo)llpize S D 1Akull Lo 2| A6 (V0) 1 L2

k>j k>j k>j

< S0 2M670)| Al e e x 296730 AK(T) 1110
k>j

d

= Y 2" x 26| A | o x 206+ ARV e x 2 k(5
k>j

= S 2 s M Al e r x 26D AK(TO) 11 0
k>j

We multiply by 97 (5=1) to (19).

2) o g-k(d+1)

2GS 97 G s PG Al e x 2D ALY 1 2o

k>3

22(1‘—’“)(%—1) X Qk(%_2)||Aku||L§oLp X 2’“<%+1>||Ak(w)||L%L2p

k>3

Since p < d, % — 1 > 0. By applying Young’s inequality to (20),

1B(uw, VOl gy Sl a4y X IIWII 4

t pl t p,l t pl

By (16), (18), and (21),

~

[luvoll S Mullpppe - 1IVOll oy +[IV0ll e - [ful]
t ooBP

pl Ly
+ Al IIWH
Lt Bpl p,l

d

By Minkowski inequality and the embedding property B;:l C L,

HUHL}LOO Sl ’ HV’UHL2LOO SVl

da
1P
Lth,l thl

In sum,

2 X |||y

v+l S luoll gz + [lvoll

d
p
p,1 P

1
3.2 Existence and Uniqueness
We consider the following iteration scheme:

uD(t, ) = ePuy, vV (t,z) = Py

10

t~p,1

(22)

(24)



t
uwmt () = uD (1) +/ =AY L (M u™) (5)ds
0

t
D (1) = oD (t) +/ =984+ (5)ds
0
In [15], They defined the iteration scheme such that (™1 is defined in terms of u(™. This
requires a new algorithm to make the iteration closed. By defining oM™+ in terms of w(™t1),
however, we can treat the iteration process as a usual one. We solve by u(?) using vV and v

first. Then, we solve v@ by u(?, so on.

u® @ @ @) B B
Then, by the a priori estimate (24),
[ Dy S HUOHBg_z + ([l x [[o™]] 4 (25)
p,1
[0 DNy S Hlwoll 4y + llvoll o+ 1™ x [[o™]]5 (26)
BP BY

p,1 1

These two estimates imply uniform bounds of { (u(™,v(™)} in % x ¥ for sufficiently small initial
data in Bﬁ 1_2 X BE 1- To prove the existence of a solution to (KS), we need to show that there
exists a limit (u,v) of {(u(™),v(™)} solving (KS). In order that, we estimate (u(™+1) — (™)
and (v(m*1) — (™)), By definition of u(™ and v(™,

t
u(m—i—l)(t) _ u(m)(t) _ / e(t—s)Av . (u(m)vv(m) _ U(m_l)vv(m_l))(s)ds (27)
0
t
o (1) — o) (1) = / (=98 (D (s) — ul™)(s))ds (28)
0
Then,
D ), < T — D),
LiBy,
= ™ (Vo™ — vom=D) 4 (um) — (M=) gytm=b)
LiBy,
< ™ g o™ = oDy ™ — D]y oD
S It — Dl 4 2 )

11



where we use the uniform bound of {(u(™,v(™)}. For sufficiently small data, we can assume

that these uniform bound is less than i. Similarly,

(m+1) _ (m)

v 1% P | e Tl P [ [P

<
L m m— L m e
S I = om Dy 4 St — D], (30)

Therefore, {u(™, v(™} is a Cauchy sequence in % x ¥ and its limit defines a solution to (KS).

Next, we prove the uniqueness. Suppose there are two solutions (uj,v;), (u2,v2). Then,

ui(t) —ua(t) = /Ot =94y . (ur1Vor — uaVug)(s)ds, vi(t) — va(t) = /Ot e(t_S)A(ul — ug)(s)ds(31)

It is easy to show that

|lur —uolle S — vally + |Jur — ual [[vi]l» (32)
Similarly,
[vg = v1]ly < Mluallz|lvr = vally + [lur — ua|lz||v1||» (33)
Therefore, for sufficiently small solutions,
lea = wsll + vz — vally < 5 (s — wslla + Il — vall) (34

which implies the uniqueness of the solution.

3.3 Continuity in time

.d_9 . d
Finally, we show that the solution (u,v) is continuous in time with values in Bf, x Bj,. We

consider the difference between the solution and its initial data. We only prove the continuity

in time for u. The proof for v is the same.
t
u(t) —ug = (etA —1)ug —I—/ =AY - (uVv)(s)ds (35)
0
By the Minkowski inequality, for ¢ € [0, T,

l|u(t) — || ,_MZ e N2IG D) Nuolle + Vol (36)
jez Lt(OT;B;1 )

12



Let us estimate the first term in the right-hand side. Since its sum is convergent, there exists a

large number N such that

o
31— e )27 Aug | < € (37)
l71>N

uniformly in time. Since

I 1— e 2)216 72| A jug | = 0 38
tim 3 (1 )20 A (38)
lil<N

the first term in the right-hand side of (36) goes to 0 as 7' — 0. By the same argument, the last
term in the right-hand side of (35) goes to zero as T'— 0. Therefore,

I _ _
lim {[u(t) — ol |B,,%,;2 0 (39)

which means that the solution is continuous in time up to ¢t = 0. By translating in time, we can

prove the continuity in time for any ¢ < oo. This completes the proof of theorem 1.2. B

4 Proof of Theorem 1.3, Theorem 1.4

In this chapter, we show that the mass of u is conserved:
/u(t, x)dr = /uo(:c)d:v (40)

d
.d_9
with additional condition for ug : ug € BIf 1 N L'. Moreover, the solution is nonnegative for

d
)
almost all £ > 0 and = € R? with additional condition on wug : ug € B;1 NL'NL2.

4.1 Proof of Theorem 1.3

First, we show that L' norm of « in Theorem 1.2 does not blow up in finite time.

¢
1
lu@®lzr < [luollr +/0 (t —s)"2[[(uVo)(s)|1ds
¢
_1
S Nollps + lullens [ (= 5)H1T0(s) s (41)
Since Vv € LZL*°, by the Hardy-Littlewood-Sobolev inequality, we have

u(@llLr S luollpr + [l pgepr < o]l (42)

13



.d_o . a
Therefore, by Theorem 1.2, for small data in B, x B/,

l[ullpeorr < [luol|zr (43)

Now, we prove the equality (40) by applying the same idea used in [15] to our problem. Let us
take a smooth, compactly supported function ¢ such that ¢(x) =1 for |z| < 1 and ¢(z) = 0 for
|z| > 2. We define a series of functions ¢,,’s by setting ¢, (z) = ¢(=£), m = 1,2,---. Then, for

m
each m, we have ¢,, supported on {z; |z| < 2m}, with ||[V/¢n||re < m ™. We test u over ¢p,’s.

5 [ut0on@as] = | [ Butaon(es — [V @0 0)0m(w)ds]

| / w(t, 1) D () da + / (uVo)(t.2) - Vo (a)da
ul| Lo L1 |[Adml[Loe + [[ul[Lee L1 [[VO(8)|[ o0 [[V ]| Lo
S m7 4+ ||Vo(t)|[peem ™ (44)

IN

For any strictly positive time ¢ > 0,

t
IVo(@)|[e S 72| Vool|pa + / (t — 5) 72 |[u(s)|| Lads
0

S ¢ HIVollga + llullzza S Eloll g o+ llullo (45)
o1
where we use embedding properties of Besov spaces:
d g
Bl cL p<d (46)
By (44) and (45), for every fixed € > 0,
% u(t, x)m(x)dr — 0, uniformly in ¢ € [¢,00) as m — oo (47)
Since u(t) € L,
/u(:c,t)(;ﬁm(x)dx — /u(t,x)d:c (48)
By (47) and (48),
/u(t,x)d:x = /u(e, x)dx for allt € [e,00) (49)

Since u € C([0, 00); L'), by letting € — 0, we conclude that (40) holds. This completes the proof
of theorem 1.3. W

14



Remark 2 (a) We can prove the continuity in time of u in L' by using the same argument in
Chapter 3.

(2) From the mass conservation of u, for vg € L', v satisfies

/ ot 2)da = / vo()dz + t / wo(w)da

4.2 Proof of Theorem 1.4

d_
Finally, we prove that (u,v) is nonnegative if initial data are nonnegative. Suppose ug € By, N
L' N L2 Let u(t,x) = min(u(t,z),0). We multiply the evolution equation of u by u~ and

integrate over RY.

Ld

t
u” (1)]|? +/ Vu~ (s)||ds
5 gl @1+ [ Ve @)l

IN

1, _ Lo _
“Nug 172+ | u” ()] 22[Vo(s)||zoe [[Vu™ (s)|| p2ds
2 0

IN

1. 1/t 1 [t N
2||uo|%2+2/ [Ju <s>r|%2||wu%wds+2/ IV~ ()] [F2ds (50)
0 0

By Gronwall’s inequality,
o 2
Iz S |15 |12 exp( / 1Vo(t)] 2 dt) (51)

which implies that w(t,2) > 0 for almost all ¢ > 0 and 2 € R? Since the heat semigroup
preserves the nonnegativity, v(¢,z) > 0 for almost all + > 0 and x € R?. This completes the
proof of theorem 1.4. W
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